Abstract. Dangerous cardiac arrhythmias have been frequently associated with focal sources of fast pulses, i.e. ectopic pacemakers. However, there is a lack of experimental evidences that could explain how ectopic pacemakers could be formed in cardiac tissue. In recent studies, we have proposed a new theory for the genesis of ectopic pacemakers in pathological cardiac tissues: reentry inside microfibrosis, i.e., a small region where excitable myocytes and non-conductive material coexist. In this work, we continue this investigation by comparing different types of fibrosis, reparative and reactive interstitial fibrosis. We use detailed and modern models of cardiac electrophysiology that account for the micro-structure of cardiac tissue. In addition, for the solution of our models we use, for the first time, a new numerical algorithm based on the Uniformization method. Our simulation results suggest that both types of fibrosis can support reentries, and therefore can generate in-silico ectopic pacemakers. However, the probability of reentries differs quantitatively for the different types of fibrosis. In addition, the new Uniformization method yields 20-fold increase in cardiac tissue simulation speed and, therefore, was an essential technique that allowed the execution of over a thousand of simulations.
Introduction
The function of the heart, in physiological conditions or pathological ones, is a non-linear, multi-scale and multi-physics phenomenon, and as such, poses incredible challenges to science and medicine. Computational and mathematical models of the heart have supported and complemented experimental techniques proposing answers to both basic and applied questions regarding cardiac physiology. In particular, in the area of cardiac electrophysiology, for decades, models have been used to propose and test new theories for basic mechanisms [4, 2] , during the tests of drugs [20] and development of new medical devices [8] .
Dangerous cardiac arrhythmias, such as atrial and ventricular fibrillation have been frequently associated to fibrosis [26, 9, 14, 24] . For instance, during atrial fibrillation the duration of fibrillation episodes was highly correlated to the degree of fibrosis, i.e. the amount of fibrous tissue in the extracellular space between myocytes and/or fibrous tissue that replaced dead myocytes [16] . Nevertheless, in the aforementioned works, whether in animal or computational experiments, an artificial trigger is usually used to induce the arrhythmia, a focal stimulation site that induces rapid pacing. This focal trigger is often called ectopic pacemaker.
Unfortunately, the mechanisms and conditions for the formation of a region that becomes an ectopic pacemaker are until now poorly understood. Some new evidences suggest that two mechanisms (combined or not) may play a very important role in the generation of such dangerous triggers of arrhythmia: abnormal intracellular calcium (Ca2+) signaling [25] and microreentry (reentry inside a fibrotic region).
In our previous works [1, 6] we were able to generate an ectopic pacemaker in computer simulations of cardiac electrophysiology by assuming a single hypothesis for substrate: the existence of a region of microfibrosis, a mixture of excitable (healthy myocytes) and non-conducting (fibrosis) areas. The mechanism of this ectopic pacemaker is simple. The two different phases (excitable and nonconducting) form a maze for wave propagation. Propagation fractionates and follows zig-zag pathways. Macroscopic propagation is considerably slowed down. Microscopically, the topology of the maze allows the electric wave to reexcite the fibrotic region before the wave leaves it. Therefore, reentry occurs inside the fibrotic region. This spiral-like wave will continuously try to generate ectopic beats when it touches the border of the microfibrosis region [12] .
Here, we continue this investigation by comparing different types of fibrosis, reparative and reactive interstitial fibrosis. The excessive deposition of collagen in the extracellular matrix may physically and electrically separate neighboring myocytes, a process called reactive interstitial fibrosis, or completely replace a dead myocyte, a process called reparative fibrosis [21] .
Our computational models are based on the microscopic tissue model that uses subcellular discretization of 8µm and detailed and realistic gap junction distribution [5] . From this basic microscopic model we generate an equivalent discrete model [6] . With the discrete or network-like model we simulated reactive interstitial fibrosis by randomly removing a certain percentage of links between neighboring cells; and simulate reparative fibrosis by randomly removing a certain percentage of myocytes from the network.
Since our models account for realistic description of single myocyte electrophysiology and for the microstructure of cardiac tissue such as gap junction distribution and tissue anisotropy, they are computationally very expensive to solve. To speed up the simulations, we use in this work the new Uniformization method, first proposed and tested for single cell simulations [15] . This is the first time this new numerical method is tested in the framework of simulations of cardiac tissue.
Methods

Modeling Fibrosis
We use a microscopic tissue model with subcellular discretization of 8µm to represent detailed shapes of myocytes as well as realistic gap junction distribution [5] and presented in the top of Figure 1 . From this basic microscopic model we generate an equivalent discrete model [6] and presented in the bottom of Figure  1 . With the discrete or network-like model we simulated reactive interstitial fibrosis by randomly removing a certain percentage of links between neighboring cells, φ l (see Figure 2) ; and to simulate reparative fibrosis we randomly removed a certain percentage of cells, φ c , from the network (see Figure 1) . The purpose of our work is to assess the probability of a certain fibrotic tissue to become an ectopic pacemaker and to study how it depends on the fraction and type of fibrosis, φ c and φ l . To achieve this goal it is necessary to perform thousands of simulations of different microfibrosis models.
For instance, to simulated reparative fibrosis, for each given value of φ c we randomly generate a microfibrosis tissue. Fifty realizations of different microfibrosis but with the same value for φ c were simulated. This process is represented by Figure 3 . The value of φ c was varied from 44% to 64%, in steps of 2%. Therefore a total of 11 × 50 = 550 cardiac tissues with different characteristics of reparative fibrosis were simulated. The same was performed for the case of reactive interstitial fibrosis, i.e. the value of φ l was also varied from 44% to 64%, in steps of 2%. Again a total of 11 × 50 = 550 cardiac tissues with different characteristics of reactive interstitial fibrosis were simulated. For all the results presented in the next section the modeled cardiac tissues had dimensions of 1 cm × 1 cm. 
Numerical Methods
The detailed and discrete model of cardiac tissue was numerically solved [6] using the finite volume method. The reaction and diffusion parts of the discrete monodomain equations were split by employing the Godunov operator splitting Fig. 3 : Multiple instances of models generated with the same percentage of reparative fibrosis, φ c . The size of these illustrative cardiac tissue models is 1.1 mm × 0.4 mm. [22] . Therefore, each time step involves the solution of two different problems: a nonlinear system of ODEs
and a linear system from the discrete monodomain equation
for each node i of the discrete topology, where G i,j is the equivalent conductance between cell i and cell j. Each cell has different geometry (V ol i ) and a different number of neighboring cells (nn i ). V is the variable of interest and represents the transmembrane voltage, i.e. the difference between intracellular to extracellular potential; η is a vector of state variables that also influence the generation and propagation of the electric wave, and usually includes the intracellular concentration of different ions (K + , N a + , Ca 2+ ) and the permeability of different membrane ion channels; β is the surface-volume ratio of heart cells; C m is the membrane capacitance, I ion the total ionic current, which is a function of V and a vector of state variables η, I stim is the current due to an external stimulus. We assume that the boundary of the tissue is isolated, i.e., no-flux boundary conditions were imposed.
For the discretization of the nonlinear system of ODEs we note that its stiffness demands very small time steps. For simple models based on HodgkinHuxley formulation this problem is normally overcome by using the Rush-Larsen (RL) method [18] . However, for the most modern and complex models that are highly based on Markov Chains, the RL method seems to be ineffective in terms of allowing larger time steps during the numerical integration.
In this work we use the modern Markov-based model of Bondarenko et al. [7] for myocyte electrophysiology. For the case of the Bondarenko et al. model, we tested both methods, Euler and RL, and both demanded the same time step, ∆t o = 0.0001 ms due to stability issues. Since the RL method is more expensive per time step than the Euler method, in this work, we used either the simple explicit Euler method for the discretization of the nonlinear ODEs or the new Uniformization and SAST1 method [15] .
For the discrete monodomain equation we used the unconditionally stable implicit Euler scheme. This allowed us to use longer time steps for the numerical solution of it than those used for the solution of ODEs ( ∆t p > ∆t o ). This linear system was solved in parallel with the PETSc library [3] . The nonlinear system of ODEs were also solved in parallel using the MPI library [10] .
In the next sections we give more details about the new numerical methods of SAST1 and Uniformization.
The Extended Rush-Larsen Method (SAST1) The method proposed by Rush-Larsen (RL) [19] is very popular in the community of cardiac electrophysiology and focus on the gating variables from Hodgkin and Huxley's formulation [11] . This method is based on a local linearization of the equations in the form
so the equations associated with the gating variables are numerically solved by:
where h is the time step. The remaining equations of the model are evaluated by the Euler method. Therefore, this is a first order method. If the value of k, defined by equation (6) , is close to zero we use the Euler method instead of equations (5) for the corresponding gating variable at that point of the simulation. The first order version of Sundnes et al. method (SAST1) [23] extends the RL method for each and every differential equation of the model. This is achieved after the following linearization around y j (t n ), where t n = nh and h is the time step:
whereas − → Y is the vector containing the variables of the model y j as components and f j is the right-hand side function for variable y j . This can now also be considered a quasi-linear equation with an analytic solution similar to the RL one.
The SAST1 method is presented in the next equations, where the partial derivative is approximated via finite differentiation:
Uniformization Method The Uniformization (or randomization) method [13] is an efficient technique for the transient analysis of Markov models. The method is traditionally used for reliability, dependability and performance analysis of computer systems modeled by Markov models. Let π(t) be the probability line vector of a continuous time Markov Chain (CTMC) and P(t) the associated transition matrix, whereas [P] ij is the transition rate from state i to state j. So the ODEs system associated with the CTMC is given by dπ dt = πP. If we consider the terms [P] ij as constant in a small time interval, the ODEs system will be locally linear. Therefore, the solution of the system within this small time interval is given by π(t + h) = π(t)e hP , whereas the matrix exponential is defined by the Taylor series as e tP = ∞ i=0
(tP) i i! . The direct usage of matrix P leads to numerical errors and slow convergence in the evaluation of the series. The main reasons for this are: (1) diagonal terms of P are negative and the remaining terms are non-negative and; (2) the existence of terms with magnitude greater than 1. The Uniformization method defines P * = P/q + I, where q ≥ max 1≤i≤N mk |[P] ii | and N mk is the number of states in the CTMC. Since P = q(P * − I), we have π(t + h) = π(t)e qt(P * −I) = e −qt π(t)e qtP * , so the resulting solution using the Taylor series is
In order to truncate the series in Eq. (11) we can use the following relation [17] to choose the number of evaluated terms N , given an error tolerance λ:
In this paper, the implementation called U ni + SAST 1 uses the Uniformization method for all the equations modeled by Markov Chains and uses the SAST1 method for the remaining equations in the Bondarenko et al. cardiac electrophysiology model.
Computing Environment
All the numerical experiments were performed using a GNU/Linux 2.6.32 machine, with 12GB of memory and two Intel Xeon E5620 2.40 GHz processors each with 4 cores and 12 MB of cache memory. Our monodomain solver was implemented in C++ using PETSc 3.5.1 [3] and MPI, and compiled using GNU GCC 4.4.7 with −O3 optimization flag enabled.
Computational Simulations
In order to evaluate the performance of the Uniformization+SAST1 method compared to the classical Euler method we executed five simulations using different values of φ c to randomly remove a certain percentage of cells and generate reentry (values between 0.44 and 0.46). To analyze if the generated reentries would impact on the performance the Uni+SAST1 method, we fixed seeds in our random generation routine to ensure four simulations with reentry and one without, see section 3.2 for details about the reentries.
The simulations were performed using the detailed discrete model and a cardiac tissue of 1.0cm × 1.0cm size and were executed for 500ms. The values used for β and C m were set to 0.14 cm −1 and 1.0µF/cm 2 , respectively. The time step used to solve the linear system associated to the discrete monodomain equation (PDE) was set to ∆t p = 0.02 ms and to solve the nonlinear system of ODEs associated was set to ∆t o = 0.0001 ms for the Euler method and 0.02 for the Uni+SAST1.
The same parameters were used to assess the probability of a certain fibrotic tissue to become an ectopic pacemaker and to study how this depends on the fraction and type of fibrosis, φ c and φ l . The value of φ c , for the case of reparative fibrosis, was varied from 44% to 64%, in steps of 2%. The value of φ l , for the case of reactive interstitial fibrosis, was also varied from 44% to 64%, in steps of 2%. Cardiac tissues of 1.0cm × 1.0cm size were executed for 200ms. Table 1 presents the execution times for the resolution of the PDE, ODEs and full simulation for both numerical methods. The time is an average of all different simulations using Euler or Uniformization and SAST1 (Uni+SAST1). The coefficients of variation (CV) for the Uniformization simulations were 3.71% for the PDE time, 0.9% for the ODEs and 2.3% for the Total time.
Results
Uniformization vs. Euler
Analyzing the results in Table 1 , we can see that the ODE time dominates the execution time, being 85% when using the Euler method. We can also see that, by using the Uni+SAST1 method, we were able to solve the ODEs 47× faster than using the Euler method. For the simulation total time, the speedup achieved was 19×. 
Reactive Interstitial Fibrosis vs. Reparative Fibrosis
As in our previous works [1, 6] we were able to generate reentry inside fibrotic tissues. Figure 4 shows color maps of the transmembrane voltage at four different instants along one of the simulations. The tissue was stimulated in the left border, the traveling wave fractionates and its zig-zag pattern of propagation supports a sustained reentry pattern of excitation. Figure 5 presents the results in terms of probability of reentry for the two different types of fibrosis modeled in this paper: reparative vs. reactive intersti- tial. For both cases the probability of reentry depends on the fraction of removed cells (φ c , for the case of reparative fibrosis) or of removed connections or links (φ l , for the case of reactive interstitial fibrosis). For both types of fibrosis reentry can appear with probabilities higher than 30%. However, the probability distribution for the case of reactive interstitial fibrosis is shifted to the right, in terms of φ. Therefore, to become an ectopic pacemaker a microfibrosis region with pure reactive interstitial needs higher values of disconnection between cells (φ l around 60%) than in a pure reparative fibrosis case (φ c around 45%). These values are qualitative near the percolation values computed before in [1] for the case of regular and isotropic tissue where each cell connects to six neighboring cells.
Conclusions
In this paper we have extended our previous works to evaluate how two different types of fibrosis, reactive interstitial and reparative fibrosis, may support the generation of reentry inside a microfibrosis tissue. We have shown that in both types of fibrosis after the traveling wave enters the microfibrosis region propagation is fractionated and its zig-zag patterns supports sustained reentries. In turn, such reentries will continuously try to generate ectopic beats whenever it touches the border of the microfibrosis region. Therefore, fibrosis is shown to be a sufficient substrate for the generation of ectopic pacemakers in diseased cardiac tissues. Although our simulation results supported the thesis that both types of fibrosis can lead to reentries, we have observed that the probability of reentries differs quantitatively for the two different types of fibrosis. To become an ectopic pacemaker a microfibrosis region with pure reactive interstitial needed higher values of disconnection between cells (φ l around 60%) than in a pure reparative fibrosis case (φ c around 45%).
In addition, we have also implemented and tested for the first time the new Uniformization numerical method for simulations of cardiac tissue. With the new Uniformization numerical method cardiac tissue simulations were near 20-fold faster than when using classical methods such as Euler and Rush-Larsen. Therefore, this was an essential technique that allowed fast execution of over a thousand of simulations.
